COMPARISON OF COMPLETELY POSITIVE MAPS ON 
HILBERT C*-MODULES 



MARIA JOITA 



Abstract. We prove a Radon-Nikodym type theorem for completely positive 
maps on Hilbert C*-modulcs. 



1. Introduction and preliminaries 

The study of completely positive maps is motivated by their applications to 
quantum information theory, where operator valued completely positive maps on 
C*-algebras are used as a mathematical model for quantum operations, and quan- 
tum probability. Many problems from quantum information theory involve charac- 
terization and comparison of quantum operations. The structure theorems and the 
Radon-Nikodym type theorems for completely positive maps between C* -algebras 
play an important role to characterization and comparison of quantum operations 
and so to understanding of certain problems from quantum information theory. 
Stinespring 8 : ( Theorem 1] showed that an operator valued completely positive map 
tp on a unital C*-algebra A is of the form V*tt v (■) V v , where Tr v is a representation 
of A on a Hilbert space H v and V v is a bounded linear operator (for non-unital 
case, see, for example, Theorem 5.6]). Given two completely positive maps tp 
and tj) from a C*-algebra A to L(H), tp < tp if tp— tp is a completely positive map 
from A to L(H). Arveson [2j Theorem 1.4.2] showed that, in the unital case, tp < tp 
if and only if there is a unique positive contraction T in the commutant of tt v (A) , 
such that ip (■) = V*Tn v (•) V v (for non-unital case, see, for example, [5j Theorem 
3.5]). This result can be regarded as a Radon- Nicodym type theorem for operator 
valued completely positive maps on C*-algebras. Asadi [5] and Bhat, Ramesh and 
Sumesh [4] provided a construction which looks like Stinespring's construction for 
a class of maps on Hilbert C*-modules over unital C*-algebras, called operator val- 
ued completely positive maps on Hilbert C*-modules. A covariant version of this 
construction was obtained in [6]. In this paper, we will prove a Radon- Nicodym 
type theorem for operator valued completely positive maps on Hilbert C*-modules. 

Hilbert C*-modules are generalizations of Hilbert spaces and C*-algebras. A 
Hilbert C*-module X over a C*-algebra A (or a Hilbert A-module) is a linear 
space that is also a right A- module, equipped with an A- valued inner product (•, •) 

that is C- and ^4-linear in the second variable and conjugate linear in the first 

i 

variable such that X is complete with the norm \\x\\ = \\ (x, x}\\ 2 . If the closed 
bilateral *-sided ideal (X,X) of A generated by {(x,y) ;x,y e A"} coincides with 
A, we say that X is full. 
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A representation of X on the Hilbert spaces H and K is a map ttx '■ X — > 
L(H, K) with the property that there is a ^-representation tta of A on H, such 
that 

(n x (x) , n x (y)) = tta ({x, y)) 
for all x and y in X. If X is full, then the underlying ^-representation tta of ttx is 
unique. A representation ttx '■ X — » if) of X is non-degenerate if [7Tx (X)£Z] = 
if and [7Tx(^)*if] = H (here, [Y] denotes the closed subspace of a Hilbert space 
Z generated by the subset Y C Z). Two representations ttx ■ X —> L(H,K) and 
tt x : X — > L(H ,K ) are unitarily equivalent if there are two unitary operators 
Ui € L(H,H') and U 2 G L(K,K') such that U 2 ttx{x) = n' x (x)Ui for all a; in X 
(see, for example, pQ). 

^4 completely positive map on X is a map $ : X — » L(H,K) with the property 
that there is a completely positive map ip : A —> L(H), such that 

($(s),$(l/)) =¥J«x,y)) 

for all x and ?/ in X. If X is full, then the completely positive map (p associated 
to $ is unique. If $ : X —> L(H,K) is a completely positive map on X, then $ is 
linear and continuous. 

In [6l Theorem 2.2 (1)], we showed that an operator valued completely positive 
map $ on a full Hilbert C*-module X is of the form $(■) = W|7r#(-)V$, where 
7r$ is a representation of X on the Hilbert spaces 7J$ and K<$ , W$ is a coisometry 
from K to and V$ is a bounded linear operator from H to i3$. Quintuple 
(tt<s>,H<£,K<s,, V$, is called the Stinespring construction associated to $. More- 
over, under some conditions this form is unique up to unitary equivalence (see 
[51 Theorem 2.2 (2)]) in the sense that if (tt' , H' , K' ,V' ,W) is another quintuple 
such that $(•) = (W)* tt'(-)V',[tt'(X)V'H] = W and [tt'{X)*W'K] = K' , then 
there are two unitary operators XJ\ € L(H<^,H') and U2 € L(K<j>,K') such that, 
J7iV$ = V', U 2 W^ — W and C/ 2 vr$ (x) = 7r'(x)f7i for all i e I. In this paper, we 
introduce an equivalence relation on the collection of all operator valued completely 
positive maps on a full Hilbert C*-module X, and we show that the Stinespring 
constructions associated to equivalent completely positive maps are unitarily equiv- 
alent. Also, we introduce a preorder relation on the collection of all operator valued 
completely positive maps on a full Hilbert C*-module X, and we prove a Radon- 
Nicodym type theorem for operator valued completely positive maps on Hilbert 
C*-modules (Theorem 2.13). 

2. Completely positive maps 

Let X be a full Hilbert C*-module over a C*-algebra A, let H and K be two 
Hilbert spaces and C(X, L(H, K)) = {$ : X — > L(H, if); $ is completely positive}. 

Definition 2.1. Let e C(X,L(H,K)). We say that $ is equivalent to ^ , 
denoted by $ — if $ (x)* $ (x) — * (x)* * (x) for all x G X. 

Remark 2.2. The relation defined above is an equivalence relation onC(X, L(H, K)). 

For $ G C(X,L(H,K)), let [$] = {* G C(X,L(H,K));<f> - 

Proposition 2.3. Let * g C(X, L(#, if)). JTiera $ ^ * j/ and onlj/ j/ i/iere is 
a partial isometry V G £(if) with VV* = pus,(x)H] an d V*V = pu$/(x)H] such that 
$ (x) = (x) for all x e X. 
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Proof. First, we suppose that $ ^ Let (71-$, V$, W*) be the Stinesping 

construction associated to 4> and (71"*, Hy, Ky, V*, W*) the Stinespring construc- 
tion associated to "3/. Since $ (x)* $ (x) = iff (x)* iff (x) for all x G X, ip = ?/>, and by 
the proof of Theorem 2.2 in [6] and Lemma 1.4.1 in [2], there is a unitary operator 
C/i € L(H^,H^) such that V$ = {JiV*. 
From 

(7r$ (a;) V$/i, 7r$ (x) V$/i) = (Vj7r$ (x)* 7r$ (a;) V$/i, /i) 

= (V£-k v ({x,x)) V<s>h, h) 
= (f((x,x))h, h) = (ip({x,x))h, h) 

= (try (x) Vq>h, 7T<f (x) V&h) 

for all x £ X and for all h £ H, and taking into account that K<$, = [iff (X) H] = 
[ira,(X)VyH] and K$ = [<f>(X)H] = [tt<s> (X)V$H] (see Theorem 2.2]), we 
deduce that there is a unitary operator U 2 : — > i*sT$, such that 

U 2 (x) Vq,h) = 7T$ (x) V<s>h 

for all h £ H. Moreover, U2Tr^(x) — 7r$ (x) U\ for all x £ X, since 

U 2 t:^(x) (x^, (a) Vq/h) — U2 {tT'Sj (xa)V^,h) = 7r$ (xa) V$/i 

= 7r$ (x) (ir^p (a) V<s>h) = 7r$ (a;) U\ (71"^, (a) V^h) 

for all a £ A and for all h £ H, and since [ir$ (A) Vq,H] — H^. 
Let V = W£U 2 Wy. From 

VV* = WlU 2 W 9 WiU;w* = pk* = pmx)h] 

and 

V*V = W£UZW*WZU 2 Wu = = P[* W h], 
we deduce that V is a partial isometry. Moreover, 

$ (or) = W|7T$(x)V$ = W^7r*(x)i7iV* = W£U 2 Tr 9 (x)V<n 

= WiU 2 W^W^Tt 9 (x)V<s = W£U 2 Wa,iSf (x) = V^ff (x) 

for all x £ X. 

Conversely, suppose that there is a partial isometry V £ L{K) with VV* = 
P[$(x)H) an d V*V = P[m(x)H\ such that <3? (x) — V^ff (x) for all x £ X. Then 
<3> (at)* $ (x) = * (a:)* V r *V A 4' (a;) = * (a;)* <J> (a;) for all and so $ - □ 

Remark 2.4. Let $, * g C(X,L(H,K)) such that $ ^ J/ $, * are non- 
degenerate, then there is a unitary operator V £ L(K), such that $ (x) = V^ff (x) for 
allx £ X. Indeed, z/$ and "ff are non-degenerate, then [$ (X) H] = [iff (X) H] = K. 

Corollary 2.5. Let $,* £ C(X,L(H,K)). Then $ ^ iff if and only if their 
Stinespring constructions are unitarily equivalent. 

Proof. Let (77$, H<s>,K&, V$, W<s>) and (7T#, H^,K^,, Vy, W^,) be the Stinesping con- 
structions associated to $ and <£. If U 2 and C/i are the unitary operators defined in 
the proof of Proposition 2.3, then: U 2 tt^,(x) = 7r$ (x) U\ for all x £ X; V$ = C/iV*, 
and it is not difficult to check that W$ = U 2 Wy. Therefore, (tt$, V$, W 7 *) 

and (iry,H^, Ky, V&, W*) are unitarily equivalent. 

Clearly, if the Stinespring constructions associated to $ and ^ are unitarily 
equivalent, then $ (a;)* $ (x) = $ (x)* * (x) for all and so $ ^ □ 
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Example 2.6. It is not difficult to verify that the maps $, * : M 2 (C) L(C 2 , C 4 ) 
defined by 
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Definition 2.8. Let e C(X,L(H,K)). We say that $ is dominate by 

denoted by $ < * , if $ (a;)* $ (x) < * (or)* * (x) /or all x E X . 

Remark 2.9. Let $, $1, $ 2 , $ 3 e C(X, L(H, K)). Then we have: 
(1) $ =3 $; 



COMPARISON OF COMPLETELY POSITIVE MAPS ON HILBERT C*-MODULES 5 



(2) 7/$i A $ 2 and $ 2 < $3, then $1 =3 $3; 

(3) <& =3 * and * =3 $ «/ and only if $ ^ 

For a representation tt^ of X on the Hilbert spaces i7 and -ftT, 7Tx (X)' = {T®S G 
L(# © K);irx{x)T = Sir x {x) and 7r*(a:)*S = Ttt x (x)* for all i e 1} is a C*- 
algebra called the commutant of irx (see [U Lemma 4.3]). 

Lemma 2.10. Let $ G C(X,L(H,K)) and let (71-$, Vi, W$) 6e f/ie Siine- 

sping construction associated to $. IfT® S G 7r$ (X)' is a positive element, then 
the map <&t®s : L{H,K), defined by $t®s ( x ) = V^|\/57r$(x)-\/rV$, is 

completely positive. 

Proof. Indeed, we have 

$ TeS (*)* $ Tes (y) = V£v^7r*(a)*V^»J^V^7r*(i/)VlV# 
= V^v / T7r tE ,(a:)*S'7r tE ,(y)v / rV4, 

= V5Vf7r»(a:)*fl'V^7r#(tf)V r * = VJT 2 7r*(aO*7r*(t/)V* 
= V£T 2 n v ((x,y))V* 

(cf. [11 Theorem 1.4.2]) 

for all x, y G X. □ 

Remark 2.11. Since 7r$ is non-degenerate, an element Tffi S* G 7r$ (X)' is unique 
determined by T (see [TJ Note 4.6]y. T/ims $t©s denoted by <&t- 

Lemma 2.12. Let $ G C{X,L(H,K)). Then, we have: 

(1) = 

(2) IfT®S G 7T$ (X)' wtfi T © 5 > and A > 0, t/ien $ AT = A$ T ; 

(3) // T 1 ®S 1 ,T 2 ®S 2 € 71$ (X)' and < T x < T 2 , then A <5>^. 

Proof. The statements (1) and (2) are trivial. 

(3) If Ti © Si, T 2 © 5*2 G tt$ (X)', then T\,T 2 G tt v (A)'([U Lemma 4.4]), and by 
Theorem 1.4.2], < <p T2 . Thus, we have 

for all x G X, and so ^^/jy =3 ^y'Tv D 

For $ G C{X,L{H,K)), let [0,$] = {[*];# G C(X, L(H, K)), * =4 $} and 
[0, J]* = {T © S G tt$ (X)' ; < T © S < I}. 

Theorem 2.13. Let® G C(X,L(H,K)). Then the map [0,/]$ 9 TffiS [$^] G 
[0, $] is bijective. 

Proof. Let Ti © 5i , T 2 (B S 2 G [0,7] such that ^ 3?^' then <p Ti = <p T2 , and 

by [1 Theorem 1.4.2], Ti = T 2 . Therefore, T x © S x = T 2 © 5 2 , and so the map is 
injective. 

To show that the map is surjective, let [$] G [0, <&]. Then ^ < V; an d by the 
proof of [2j Lemma 1.4.1], there is a bounded linear operator J$ : iTj> — > Hy, 
such that 

J$ ( 1 J r ) (7r v (a) V$/i) = 7r^, (a) V*/i 
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for all a £ A and for all h £ 77. Moreover, || J$ (\E')|| < 1 and (a) = <fj 9 ^y ( a ) 
for all a e A Since 

(7T^ (x) V^/l, 7T^ (x) Vtyfl) = (k, V^TTy (x)* 7T^ (x) V*/l) 

= (h,V^(x)*W^,W^(x)Vs,h) 
= (h,*(x)**(x)h) 

< (h, $ (x)* $ (x) ft) = (tt* (x) V*/i, 7T4, (x) Vb/i) 

for all x € X and for all h £ H, and since [ir^ (X) Vq,H] = Kq,, there is a bounded 
linear operator 7$ (4 r ) : K<$> — > iiT*, such that 

7$ (*) (7T$ (x) V&h) = IT, J, (x) V^h 

for all x £ X and for all h £ 77 , and 11/$ (*)|| < 1. 
Let From 

(7$ (*) 7r$ (x)) (7r v (a) V$/i) = 7$ (*) (7r$ (xa) V$/i) = 7r* (xa) Vyh 

= ir^ (x) (71^ (a) V%/i) 
= tt* (x) J$ (*) (?r v (a) V$/i) 

for all a £ A and for all h £ H , and taking into account that [(ir v (A) V$77)] = i7$, 
we deduce that 7$ (JS) 7r$ (x) = Ttq, (x) J$ ($), and from 

(x)* 7$ (*)) (7T$ (y) Vb/l) = 7T* (x)*7T>Jr (j/) Vtf/l = 7ty ((x,J/)) Vtf/l 

= J*(*)(7r v ((x,y))y <& /i) 
= J* (*) tt$ (x)* (tt* (y) V*ft) 

for ally £ X and for all h £ H, and taking into account that [(7r$ (X) V$77)] = 
we deduce that 7r* (x)* 7$ ("J) = J$ ("J/) 7r$ (x)*. 

Let A$ (*) = Ai$ (*)0A 2 $ (*), where Ai$ (*) = J$ (*)* J$ (*) and A 2 $ (*) = 
7$ (*)* 7$ (*). Then we have: 

A 24> (*) 7T$ (x) = 7$ (*)* 7$ (*) 7T$ (X) = 7$ (*)* 7T* (x) J$ (*) 

= 71$ (x) J$ (*)* J$ (*) = 71$ (x) A 14 (*) 

and 

7T$ (x)* A 2 * (*) = 7T* (a:)* /«(*)*/»(*) = J* (*)* tt* (a;)* J* (*) 

= ./*(*)* J$(*)tt$(x)* = A 1$ (*)7T$(X)* 

for all x e X. Therefore, A* (*) e 7r* (X)' and < A$ (*) < 7. Moreover, 

for all x £ X. Thus, we showed that there is A i$ (*) A 2 $ (*) G [0, 7]$ such that 
* ^ ^^/aITc*)' anc ^ so ^ e ma P 1S sur j ec ti v e. □ 

The positive linear operator A$ (*) = Ai$ (*) ® A 2 $ (*) will be called tfte 
Radon - Nicodym derivative of "J/ wit/i respect to $. 

Remark 2.14. 7/ A$ (*) = Ai$ (*) © A 2 $ (*) is t/ie iiarfon -Nicodym derivative 
of ^ with respect to then Ai$ (^P) is the Radon - Nicodym derivative of ip with 
respect to ip. 
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Remark 2.15. Ifty ^ $, then the Stinespring construction associated to ^ can be 
recovered by the Stinespring construction associated to Indeed, let (7r$, K$, V$, W$) 
be the Stinespring construction associated to $ and A$ (^) = Ai$ (^E')©A2$ (4') the 
Radon - Nicodym derivative 0/4 7 with respect to 4>. Then, the pair (fcerAi$ , fcerA2$ ( V E')) 
is invariant under ?r$ , and so p fcerAl4 , (*) ffiPkcr A 2 * (*) . PH^ekerA^ (*) ©PK#eker A 2 $ (*) € 
7T*(X)'. Let px ^ p H<s>ekerAl<s>m andp 2 = £>K#eker A 2 *(*) • 27ien, we have: 

(1) piV^i* (#)V» 6 L(H,H^QkerAi 9 (#)); 

(2) (')Pi * s a representation of X on the Hilbert spaces ff$©fcerAi$ (4/) 
and 2<f$ G ker A2$ (4') , since 

(p 2 7r* (x)pi)*p 2 7r$ (y)pi = Piti> {{x,y))pi 

for all x,y G X; 

(3) p 2 W$ € L{K,K$, ©ker A 2 $ (^)) is a coisometry, since 

(p 2 W$) {p 2 W^)* =<P2W<S,WIP2 = PK* ekerA 2 <i»(*); 

(4) 



P27T3, (X) p! ( Pi y/Al* (*)V$ # 



p 2 7T$ 

P2 V A 2* (*)7T* (X) V$i? 



p 2 VA2$(*)^* = ^* © ker A 2* (*) 

(5) 

[PITT* (X)*p 2 fcfcW*) K] = [pitt* {X)* W$K] = [pi#$] = F$ e fcerAi-j, (4>) ; 
(6) 



4* (a:) = 4> 



(x) = WJtt* (x) y/An (*)V* 



= VF|p 2 7r$ (aj)piVA 1$ (4>)Vi 
= (p 2 W$)*p 2 7r$ (x)pi (pi\/Ai$ (*)Vb 
for all x E X. Therefore, 



fp 2 7r$ (-)pi, -ff* © fcerAi* (*) ,K$ © ker A 2<E , (4>) ,pi\/Ai* {^)V$ , p 2 W<s, 

is unitarily equivalent to the Stinespring construction associated to 4 1 . 

A completely positive map 4> on X is pure if for any completely positive map 4* 
on X with 4> =3 4>, there is A > such that [4>] = [A4>]. 

Proposition 2.16. Let 4> 6e a non-zero element in C{X, L(H, K)). Then 4> is pure 
if and only if 7r$ is irreducible. 

Proof. First, we suppose that $ is pure. Let T © 5 € 7r$ (X)' with < T © 5 < I. 
Then $ ^ =<! 4>, and since $ is pure, there is a positive number A such that 



4> jrji — A4>. Since 

p x3/ «x,l/» - AV((^,2/)) = A 2 $( a; )*$(y) 

= ^VrW^fa) = ((*.!/» 
for all x,y S X, by d Theorem 1.4.2], T = A 2 /, and then, by [T], T © S = X 2 I. 
Therefore, 7r$ (X)' = CI, and by [I], 7r$ is irreducible. 
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Conversely, let * e C(X,L(H,K)) such that * =4 $. Then, by Theorem 2.13, 
there is \ 2 I e 7r$ (X)' = CI with A > 0, such that * — $ A / = A$, and so $ is 
pure. □ 
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